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Chaos and Locking in a Semiconductor Laser Due to
External Injection

V. Annovazzi-Lodi, Member, IEEE, S. Donati, Member, IEEE, and M. Manna

Abstract—We have analyzed the behavior of a semiconductor
laser subjected to increasing external injection. Numerical sim-
ulations show the well-known nonlinear modulation and lock-
ing regimes, followed by an intermediate chaotic region that
precedes definitive locking to the external source at signifi-
cantly higher injection levels.

I. INTRODUCTION

N the last years, considerable attention has been de-

voted to coupling phenomena in laser sources. Both
symmetrical and asymmetrical coupling (representative of
external injection) have been analyzed, showing that at
increasing levels of exchanged power, the oscillation
undergoes a regime of amplitude and frequency nonlinear
modulation before locking [1].

The particular case of self-coupling, usually referred to
as optical feedback, has been extensively studied [2]-[9]
because of its importance in connection with frequency-
stabilized lasers. It has been shown that high levels of
feedback can lead to instability and chaos in both semi-
conductor and gas lasers.

More recently [9], instability and chaos have also been
reported for the injection scheme, which is representative,
for instance, of a master/slave synchronized pair or of a
local oscillator detection system. Injection has also been
proposed as a tool for determining fundamental parame-
ters of a laser [10].

In this paper, we focus our attention on the injection
scheme to study the evolution toward, inside, and beyond
the chaotic region. We find that the system finally reaches
a locked regime at a level of injection much higher than
the level of the first locking event, which precedes the
intermediate chaotic region.

II. ANALYSIS OF THE INJECTION REGIME

In the following, we will analyze the basic scheme of
Fig. 1, where a signal of constant amplitude E; and fre-
quency w; is injected into a monomode semiconductor
laser source of internal amplitude E,.

External injection in a semiconductor laser is described
by adding a suitable forcing term to the standard laser
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Fig. 1. Scheme of unilateral injection coupling between laser sources.

equations derived by Lang and Kobayashi [2], [5], [11],
[12]. For the injection scheme, the delayed term Ee/*“ ™"
for the reflection at a remote mirror is replaced [9] by
E, e/ expressing the electric field injected by the exter-
nal source. Letting E(r) = Eqo(z) ¢/ * *®) and writing sep-
arate equations for amplitude and phase, we get
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In (1a)-(1c), the usual notation is assumed [2], [5], i.e.:
N is the carrier concentration and N, is its value
at the inversion threshold;
G, is the modal gain;

n
() = ¢() — Aw,t is the phase difference between the
internal and the injected fields;
Aw, = w, — wyg is the frequency difference between the
external signal and the unperturbed laser os-

cillation;

7 is the photon lifetime in the cavity;

T, is the electron/hole recombination time;

Tian = 2L/c is the time of flight in the laser cavity of
length L;

el is the product of compression and of confine-
ment factors;

= Jy/ed is the pump parameter that depends on
supply current density J, efficiency », and ac-
tive region thickness d;
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a* = —2wy/(n*G,) dn/oN,

n* =n + wy 0n/dw is an effective refractive index,
and

K is the injection parameter, defined as the field

attenuation experienced by the external sig-
nal E; up to the superposition on E,.

As in previous papers, in (la)-(1c), E, is a normalized
electric field, i.e.:

on

172
Eome = Ep |:Gn 2£ w Zo]
™

where o is the laser stimulated emission cross section, n
is the refractive index, and Z, is the impedance of vac-
uum.

This model is valid for small detuning, i.e., Aw; <
Aw,, where Aw, is the cavity linewidth.

To select a typical case of injection into a semiconduc-
tor laser, we have assumed an output power Py, = 1 mW

and a consistent set of values for the parameters as in [8],
i.e.:

G, = 8.1: 1072 mP/s; No=1.1-10* m=3;
©=25133-10"md - s, 7,=2-10"s;

7, =2-10"s; Tn =8 1072s;
=910 m™3 a* = 6;
R,=9.075 - 10" m™s™";  E =1.02-10"m

[=Ey(K = 0)].

Equation (la)-(1c) has been integrated by a standard
computer routine. In the calculation, we took E; as a con-
stant and varied K to adjust the injection level. The
adimensional factor K has been found to be a suitable or-
der parameter in the transition to chaos, as will be clear
in the following.

We have computed about 1000 simulations at various
K and Aw; to follow the system evolution through the re-
gimes of weak modulation, multiperiodicity, chaos, and
locking.

In Figs. 2-5 we report the evolution for a specific de-
tuning, i.e., Ay, = Aw/2w = 36 MHz, and for a range
of the injection parameter K spanning from the unper-
turbed regime (K = 0) to the final locking (a few 1073,
The selected Aw, value can be considered as a moderate
detuning but is representative of a wide range of Aw;.

The system route to chaos is illustrated by the bifur-
cation diagram in which the ordinates represent the inter-
sections of the phase-plane curve (dEy/dt versus Eg) with
the semiaxis E, > E§, where Ef = Eo(K = 0). The bi-
furcation diagram obtained for weak injection levels is
plotted in Fig. 2, and its general trend is in agreement
with previously reported results [9]. We have also ob-
tained the new results shown in Fig. 3 for moderate KX,
which shows a sequence of chaos and bifurcations in re-
verse order (with respect to Fig. 2) up to the final locking.
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Fig. 2. Bifurcation diagram for weak injection in a semiconductor laser
showing the route to chaos. The sequence of regimes entered at increasing
K is labeled on the diagram. Selected points are indicated for (a) (K = 5 -
10%) first-period doubling; (b) (5.3 - 10~%) second-period doubling; (c) (7
- 107 periodicity inside a chaotic region; and (d) (7.6 - 10 chaos.
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Fig. 3. Bifurcation diagram for a moderate injection showing the route from
chaos to the final locking region.

In Figs. 4 and 5 (top line) we report the amplitude beat-
ing waveforms of Ej and E,, i.e., the signal obtained by
photodetection of the laser beam. The waveforms are nor-
malized to E; and show the evolution from a sinusoid to
an increasingly distorted waveform as the system be-
comes chaotic. Additional information is provided by the
beating spectrum, which allows tracking of the onset of
new subharmonics at each bifurcation and the transition
from a line to a continuous spectrum as an indicator of
chaos. This is shown in the middle row of Fig. 5.
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Fig. 4. Normalized beating waveforms E, cos ¥(¢) for points (a) (top) and
(b) (bottom) of Fig. 2.

-

©

x1010 ;3

=
T
=
|
-
o
=

x1010 3
I
o i
——

»

ol
1S ggW 900 %

Q
>

C .
4 x1010 N o3p 18 4

x 1010 1 m32 16

Fig. 5. Normalized beating waveforms E, cos y(#) (top line), beating power
spectra (center), phase-plane diagrams dE, /dt versus E, (bottom line) for
points (c) (first column), and (d) (second column) of Fig. 2. The sharpness
of the first peak spectrum (center left) at a relatively low frequency is lim-
ited by the resolution of the FFT routine.

Finally, phase-plane diagrams are reported in the last
row of Fig. 5. This representation gives an immediate in-
dication of the system degree of order. Splitting of the
limit cycle is observed in such diagrams at each bifurca-
tion, as well as the widening of the phase-plane diagram

from a simple or folded closed curve to a figure covering .
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a whole region of the plane, as the system is approaching
chaos.

Let us describe in more detail the results of Figs. 2-5.
Starting with very weak injection (K < 10™%), the laser
oscillation remains virtually unperturbed, and the beating
waveform between the two sources is sinusoidal. For K
> 107*, the laser enters the automodulation regime al-
ready described in [1], which consists of amplitude and
frequency modulations whose depths increase with K. In
this region, the beating waveform becomes increasingly
distorted, and finally it becomes pulse-like, though it re-
mains periodic; for most of the time the phase between
the two lasers is almost constant, while in a short fraction
of the period it turns to nearly 2x. Then, at an injection
level of K; = 5 - 107 the laser locks in phase to the
external source.

The above behavior is also correctly predicted in the
well-known Adler’s approximation [1], which disregards
the time dependence of N and G, expressed by (1¢). How-
ever, the reduced set of (1a) and (1b) give, in this case, a
larger locking value (K; = 1.8 + 107°) and, more impor-
tantly, do not lead to the chaotic regime.

Going back to (1a)-(1c), it is found that beyond the first
locking value, (K > K;) the laser does not remain locked
to the driving source (as predicted by the Adler’s approx-
imation), but it unlocks beyond a certain value of K (K =
1.2 - 107% in our case). The beating waveform is still
periodic, and looks like a sinusoid with a second har-
monic distortion (initially small), which gradually in-
creases until for K = 4.7 - 107> the period doubles and
the system enters a bifurcation cascade (K = 4.7 - 1073,
52-107% - ).

Fig. 4 shows the normalized beating waveforms of E,
and E; pertinent to points (a) and (b) of Fig. 2, i.e., just
after the first and the second bifurcation. The diagrams
clearly show the period doubling and the increasing dis-
tortion of beating. In this regime the phase-plane diagram
is not a simple curve (i.e., it has one or more knots) but
is still represented by a closed cycle composed of well-
defined turns.

The bifurcations are followed by a narrow range of K
(Fig. 2) in which a multiperiodic regime takes place.
Here, the phase-plane diagram is no longer a regular
curve; it becomes quite involved and covers a whole re-

gion of the plane; however, the beating signal still has a

discrete spectrum and this allows discrimination against
the chaotic regime.

Then, the system enters the chaotic region. Here, the
beating waveform is not periodic and the phase-plane dia-
gram covers a whole region of the plane. In addition, the
signal spectrum broadens and becomes continuous. These
features are typical of chaotic behavior and are shown in
the diagrams of the second column of Fig. 5 correspond-
ing to point (d) of Fig. 2. Here, the phase-plane diagram,
the beating waveform, and its spectrum are often found
to show abrupt changes after small variations of K.

As it is well known, in the chaotic region the long-term
behavior of the system becomes unpredictable (or better
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to say, only statistically predictable) and coherence is im-
paired. However, for narrow ranges around special values
of K, the chaotic region embeds islands where the regime
is again multiperiodic, or even periodic. This is, for ex-
ample, the case of K = 7 - 1073 (point (c) in Fig. 2) for
which there are periodic solutions (of odd periodicity), as
shown in the first column of Fig. 5.

At still higher levels of K, the chaotic regime breaks
down to a sequence of evolution intervals reverting to
more ordered regimes.

This fact is illustrated in Fig. 3, where we report the
bifurcation diagram for relatively high K. It can be seen
that the system instability is reduced for increasing K and
that a route from chaos to locking is now followed. The
system evolution described in this diagram comprises the
same fundamental events, previously discussed and re-
ported in Fig. 2, but in reverse order. In fact, for K = 4
- 1072 we find a new region of multiperiodic solutions,
followed by a reverse-order bifurcation cascade, where
the branches of the bifurcation diagram merge for increas-
ing K, until for K = 4.3 - 107" the diagram becomes
double-valued and for K = 9 - 1072 it becomes single-
valued. From this point onward, the phase diagram is
again a simple closed curve and beating approaches a si-
nusoid. The laser is in a periodic regime that lasts until X
= (.25. For this value the laser definitively locks to the
external source, and any further increase of injected power
does not result in any significative change of regime.

The bifurcation diagrams obtained for other values of
detuning are essentially equivalent. For a wide range of
Aw, (5 + 10%t0 6 - 10® rad/s), it was always found a route
to chaos by bifurcations, including a few cases of third-
order splitting (observed e.g., for Ay; = 12 MHz, Ay,
98 MHz). Narrow regions of multiperiodicity were gen-
erally found inside the chaotic region. Two locking re-
gions were always found, one for a relatively narrow range
of injected power and the other for sufficiently high-power
injection. In the above analysis we had to discriminate
between chaos and multiperiodic regime. In some cases,
the chaotic behavior was evident from inspection of the
beating and its spectrum. In less evident cases, however,
Lyapunov exponents [13] were calculated to discriminate
between the two regimes.

For the numerical computations, we used both a 386-
based personal computer with a 387 math coprocessor and
a VAX-6410 mainframe computer. Typical elapsed CPU
time for simulations such those reported in Figs. 3 and 4
ranged from 30 min to 1 h (VAX). The time resolution
was initially set to 10™'* s and was automatically varied
during computations after evaluating the derivatives of the
state variables.

III. CoNCLUSIONS

In summary, we have shown that a typical semicon-
ductor laser can route to chaos due to external injection
for a wide range of the coupling parameter; this fact is
important in synchronization and coherent detection ex-
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periments. In addition, we have shown that transition to
chaos does not prevent effective locking between sources.
This fact, which has been verified for a wide range of
parameters, is not surprising, as one should expect that
for sufficiently high injected power the laser should finally
lock to the injecting source. This is also in accordance
with experimental work reported earlier in the literature,
especially on gas lasers. However, it must be pointed out
that Adler’s approximation leads to a substantial under-
estimation of the minimum level of coupling that allows
one to definitively achieve locking. This circumstance,
apparently unnoticed in previous work, clearly has an im-
portant impact in many applications.
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